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We present an interacting model for the electronic and magnetic behavior of a strained (001)
atomic layer of Sr2FeMoO6, which shows room-temperature ferrimagnetism and magnetoresistance
with potential spintronics application in the bulk. We find that the strong spin-orbit coupling in
the molybdenum 4d shell gives rise to a robust ferrimagnetic state with an emergent spin-polarized
electronic structure consisting of flat bands and four massive or massless Dirac dispersions. Based
on the spin-wave theory, we demonstrate that the magnetic order remains intact for a wide range
of doping, leading to the possibility of exploring flat band physics, such as Wigner crystallization
in electron-doped Sr2−xLaxFeMoO6.
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The coexistence of a strong spin-orbit coupling (SOC)
and low dimensionality gives rise to novel quantum
phases of matter [1]. Two-dimensional (2D) systems con-
fined in the atomically thin films can possess rich elec-
tronic properties different from the bulk and could host
various new correlated phenomena. Especially, the rapid
progress in synthesizing atomic-scale slabs, superlattices
and heterostructures of correlated transition metal oxides
by pulsed laser deposition or molecular beam epitaxy has
motivated the exploration of various (perovskite) com-
pounds epitaxially grown on different cubic substrates as
potential nano-scale devices [1–4]. An advantage of the
epitaxial growth is that by changing the substrate, one
can introduce strain to thin films due to a mismatch of
the lattice constants and thereby control the electronic
state, which we call strain engineering [5]. By replacing
3d transition metal ions with heavier 4d or 5d ions, one
can even control the strength of the SOC. These flexibil-
ities of epitaxially grown atomic-scale layers could pave
a way to search for unusual spin-orbit coupled correlated
phenomena in 2D systems. In this context, theoretical
exploration of possible phases can provide a useful guid-
ance.
In order to explore such collective phenomena, per-
ovskite oxide is one of the best-established platforms [1].
For instance, LaAlO3/SrTiO3 (LAO/STO) interface is
known as a good 2D electron gas system [6] and hosts
various electronic phenomena, including 2D supercon-
ductivity [7] and Rashba SOC effects [8]. Although there
have appeared new types of atomic-scale 2D systems like
the transition metal dichalcogenides [9], where we can ex-
pect a stronger effect of SOC than in graphene [10], per-
ovskite systems are still important playgrounds because
the knowledge on their synthesis and chemical properties
has been accumulated for a long time.
Specifically, the bulk double perovskite compounds,
such as Sr2FeMoO6 (SFMO) and A2FeMoO6 (A = Ca,
Ba, Pb), have been investigated intensely as examples of
half-metallic ferrimagnets (FiM) with enhanced magne-
toresistance at room temperature and as possible spin-
tronics devices based on the high spin polarization of
charge carriers [11–14]. Theoretical studies of the car-
rier induced FiM in cubic SFMO have been previously
discussed within the ab initio [15–18] and model Hamil-
tonian approaches [19–21] without including the SOC.
Since double perovskite compounds have two-
sublattice structure, the synthesis of high-quality SFMO
thin films with completely staggered Fe/Mo sublattices is
experimentally challenging. Here, motivated by a recent
fabrication of well-ordered thin films of double perovskite
SFMO epitaxially grown along the (001) direction on var-
ious perovskite substrates that showed a ferrimagnetic
ground state [22], we theoretically explore the combined
effects of the strong SOC, tetragonal elongation, and car-
rier doping in a (001) layer of SFMO. For example, a
typical perovskite substrate STO has a slightly shorter
lattice constant (∼ −1.1%) than SFMO, so STO/SFMO
heterostructures [23] would be ideal systems to investi-
gate such effects.
In the insulating compounds such as Ba2YMoO6, the
SOC locally stabilizes the j = 3/2 quartet of Mo5+ and
triggers rich multiorbital physics [24–26], unlike in the
insulating iridates, where the orbital shape of the lowest
energy j = 1/2 state is fixed, and the SOC manifests
itself in the anisotropic exchange interactions [27, 28].
On the other hand, in SFMO the molybdenum 4d elec-
trons are itinerant, forming a conduction band. In this
case, a strong impact of the SOC on the band structure
is expected. Indeed, it has recently been proposed that
the SOC may stabilize a Chern insulator phase in the
(001) and (111) monolayers of double perovskites [29, 30]
and lead to a topologically nontrivial band structure in
2t2g
j=_32
(d)
d zp
(c)
(e)
∼λ
(a) (b)
∼∆
5+Fe Mo
 s=1/2
T
Fe2+
S=2
3+
S=5/2
xz
FIG. 1. (a) Ferrimagnetic order of the Fe3+ (3d5) S = 5/2
local moments (long arrows) and the Mo5+ (4d1) s = 1/2
states (short arrows) in the ionic picture. Electron transfer
from Mo5+ to Fe3+ is only allowed when its spin is antipar-
allel to the localized moment, otherwise blocked by the Pauli
exclusion principle. (b) When an electron moves from the
Fe2+ S = 2 state, an entangled state of the local and carrier
spins may leave behind the local moment polarized along the
ordered direction (top) or polarized away from it by creat-
ing a single magnon state behind (bottom). (c) Splitting of
the t2g level by a tetragonal crystal field ∆T and the SOC λ
into three Kramers pairs. (d) Hopping pathway between the
Fe 3dxz orbital (left) and the Mo j
z = 3/2 state (right) via
the oxygen 2pz orbital. (e) Magnon self-energies in the lead-
ing order of the 1/S expansion. Solid (wavy) lines represent
fermion (magnon) propagators. White (grey) vertices corre-
spond to the coupling between the magnon and the transverse
(longitudinal) particle-hole excitations.
BaTiO3/Ba2FeReO6/BaTiO3 2D quantum wells [31]. It
should be noted that the tight-binding model for this sys-
tem with the SOC and tetragonal compression has been
investigated [30] in the free fermion level. However, the
effect of carrier doping on the magnetism in the presence
of the SOC is still illusive.
In this Letter, we study a (001) layer of pure and doped
SFMO based on a minimal microscopic model within a
large-S expansion. We find that the strong SOC gives
rise to a robust nontrivial magnetic state with an elec-
tronic structure consisting of four spin-polarized massive
or massless Dirac dispersions as well as flat bands. Based
on the spin-wave theory, we demonstrate that such an un-
usual magnetic state is stable in a large, experimentally
relevant range of carrier doping. In the electron-doped
Sr2−xLaxFeMoO6, we suggest that the extra electrons
would occupy a fully polarized flat band.
The model.— In the (001) layer of double perovskite
SFMO, Fe and Mo ions form a checkerboard pattern on
a square lattice [see Fig. 1(a)], and these metal ions re-
side inside the oxygen octahedra. In the ionic picture,
iron is in the Fe3+ valence state with five 3d-electrons
coupled by Hund’s rule into the high-spin state forming
a localized S = 5/2 moment. The Mo5+ ion has a single
4d-electron in the t2g manifold of degenerate xy, xz, and
yz orbitals. The lowest energy coherent charge transfer
process takes place when this single electron moves from
Mo5+ to a neighboring Fe3+ through the hybridization
between the same t2g states along a given bond. For ex-
ample, on a bond along the x-direction there is a finite
overlap either between xy or xz neighboring orbitals with
a real amplitude −t.
We consider a tetragonal elongation of the oxygen oc-
tahedra due to a substrate-induced compressive strain.
The corresponding tetragonal crystal field ∆T > 0 lifts
the threefold t2g orbital degeneracy by stabilizing an or-
bital doublet of the axial xz and yz orbitals and by plac-
ing the planar xy orbital at a higher energy. It should
be noted that for the xy orbital, where the SOC is com-
pletely quenched by the tetragonal distortion, we can re-
peat the analysis of the cubic case without the SOC [20]
to discuss the stability against doping. In addition, we in-
clude the SOC λ > 0 in Mo5+ that further lifts the degen-
eracy of the xz and yz orbitals by stabilizing jz = ±3/2
Kramers doublet of the effective total angular momentum
j = s+ l = 3/2 quartet [32]. Here, s = 1/2 and l = 1 are
spin and effective angular momentum of a t2g electron,
respectively [33]. We will not include the SOC for the Fe
3d-orbitals because it is much weaker than that for the
Mo 4d-orbitals. The resulting local energy structure of
Mo5+ is depicted in Fig. 1(c), and the explicit forms of
jz = ±3/2 wave functions are given by
|jz= 3
2
〉 = − 1√
2
(i |dxz↑〉+ |dyz↑〉) ≡ |c↑〉 ,
|jz=−3
2
〉 = − 1√
2
(i |dxz↓〉 − |dyz↓〉) ≡ |c↓〉 , (1)
and are labeled hereafter by fermionic annihilation oper-
ators cσ with a pseudospin σ = ↑, ↓.
Here we take the limit of a strong SOC λ and a tetrag-
onal field ∆T compared to the nearest-neighbor (NN)
hopping amplitude |t|. Projecting the t2g orbitals onto
the lowest energy states (1), we have obtained a low-
energy Hamiltonian for a charge transfer between NN Fe
and Mo ions [see Fig. 1(d)], as follows.
Ht = t√
2
[ ∑
〈ij〉∈x, σ
id†i,xzσcj,σ +
∑
〈ij〉∈y, σ
σd†i,yzσcj,σ + h.c.
]
+∆
[∑
i
n
(d)
i −
∑
j
n
(c)
j
]
, (2)
where i(j) labels Fe(Mo) ions, 〈ij〉 ∈ x(y) refers to each
NN bond along the x(y)-direction, σ = ↑, ↓= ±1 stands
for a spin index, 2∆ is a charge transfer gap between
Mo5+ and Fe3+, the number operators n
(d)
i and n
(c)
j mea-
sure carrier density d†idi and c
†
jcj , respectively. In the un-
doped SFMO, there is one carrier n = n(d)+n(c) = 1 per
3formula unit, ignoring the localized half-filled Fe d-shell.
The SOC manifests itself in the spin-dependent hopping
in Eq. (2) that explicitly breaks the original SU(2) sym-
metry. Hereafter, we set t = 1 as the energy scale for
simplicity.
When an itinerant electron visits the Fe3+ ion with a
core spin S = 5/2, the resulting total spin S of Fe2+
could, in principle, take one of the two possible values
S = 2 and S = 3. However, the maximum allowed spin
quantum number for six electrons in a d-shell is S = 2.
The unphysical S = 3 states appear because the local
and itinerant spin operators on the Fe site are treated
as independent variables. In order to project the en-
larged Hilbert space onto the physical one, we supple-
ment the hopping Hamiltonian (2) by a local antiferro-
magnetic (AF) coupling J → ∞ between the local and
itinerant spins [20]. The total Hamiltonian then becomes
H = Ht +HS , where
HS = J
∑
i
[
~Si · ~si + S + 1
2
n
(d)
i
]
. (3)
The sum is taken over every Fe site i, and ~Si and ~si are
operators for the local and itinerant spins, respectively.
Ferrimagnetic ground state.— The model defined
by Eqs. (2) and (3) is one version of canonical double
exchange (DE) problems with an infinite exchange cou-
pling between the local and itinerant spins. Similarly to
the DE, a maximum kinetic energy gain is achieved when
the local moments align ferromagnetically (FM) and, in
the present case, antiparallel to the itinerant spins, giving
rise to an FiM state.
We consider the FiM order along the tetragonal sym-
metry z-axis and discuss later its stability within the
large-S spin-wave theory. We introduce fermionic opera-
tors D↓(↑) for the carriers on the Fe sites with their spins
quantized along the local moments. This representation
diagonalizes the spin part of the Hamiltonian Eq. (3)
and projects out the fermionic states D↑ corresponding
to the unphysical states with S = 3 (see Ref. [20] for
details). The d-operators in Eq. (2) in terms of the new
ones are expressed as dxz(yz)↓ = Dxz(yz)↓[1 − b†b/(4S)]
and dxz(yz)↑ = −Dxz(yz)↓b†/
√
2S, where b is a bosonic
annihilation operator for a single magnon state. This
is created when a spin-down electron moves away from
Fe2+, which is in the entangled S = 2 state of the lo-
cal and carrier spins, leaving an Fe3+ local moment in
the Sz = S − 1 = 3/2 single magnon state which is
tilted away from the fully polarized S = Sz = 5/2 state
[see Fig. 1(b)]. This representation provides the correct
matrix elements of fermionic operators within the eigen-
states of the allowed total spin, S = 5/2 and S = 2, in
the perturbative level and retains a quantum nature of
the local moments.
Inserting the above representation into Eq. (2), we get
H = H0 + H1 + H2, where H0 is a single-particle part
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FIG. 2. Band structure of the single-electron Hamiltonian (4)
for (a) gapless ∆ = 0 and (b) gaped ∆ 6= 0 cases (see the text
for the nature of the bands). (c) Fermi pockets of the lowest
band for a carrier density n = 0.75 per formula unit with
∆ = 0.
and H1(2) ∼ 1/
√
S (1/S) refers to the coupling of the
magnons with the transverse (longitudinal) particle-hole
pairs [34].
Diagonalizing the noninteracting H0 part, we get the
following expression in the momentum space.
H0 =
∑
k
{
∆[α†k↓αk↓ − c†k↑ck↑] + Ek[β†k↓βk↓ − γ†k↓γk↓]
}
,
(4)
where Ek =
√
∆2 + 2(cos2 kx + cos2 ky) and the eigen-
states αk↓, βk↓, γk↓, and ck↑ have been obtained by a
unitary transformation [34]. The band structure (4) is
composed of four bands and is shown in Fig. 2(a)-(b).
The two flat α↓ and c↑ bands correspond to a nonbond-
ing state composed of the dxz↓ and dyz↓ orbitals of Fe and
a localized jz = 3/2 state of Mo, respectively. The dis-
persive antibonding β↓ and bonding γ↓ bands are made
of spin-down states of Mo and Fe. The next-nearest-
neighbor (NNN) hopping between the same Fe (or Mo)
4δ2 Mo
 ∆2
H=0H=0H=0H=0
(b)(a)
δFe
Fe
Mo
2 ∆
~
FIG. 3. Schematic view of the band structure renormalisa-
tion induced by an applied magnetic field (H) for (a) gap-
less ∆ = 0 and (b) gapped ∆ 6= 0 cases. Spin-up, spin-
down, and spin-unpolarized states are marked by red, blue,
and grey colors, respectively. The spin-down (spin-up) flat
band has a purely Fe (Mo) character. The higher-(lower-) en-
ergy dispersive band at its minima (maxima) is solely made
of the Fe (Mo) states. In both cases, (a) and (b), an applied
field shifts up the higher-energy Fe bands by δFe = gFeµBH/2
and splits the lower-energy Mo flat and dispersive bands by
2δMo = gMoµBH . Here, gFe ≃ 2 and gMo ≪ 1 are the corre-
sponding g-factors [35], and 2∆˜ = 2∆+ (gFe − gMo)µBH/2 is
a renormalized mass gap.
ions, not considered here, might in principle give a finite
dispersion to the flat bands. However, the correspond-
ing hopping is between the dxz and dyz orbitals, and is
extremely small (∼ few meV) [29]. Moreover, it exactly
vanishes when projected onto the complex wave functions
of the Mo jz = ±3/2 states due to a destructive quantum
interference.
We now discuss the effects of a uniform external mag-
netic field H on H0. This just splits the four bands with-
out hybridization because H0 conserves the z-component
of the real spins. While the external field is uniform, the
Zeeman splitting gµBH of the itinerant electrons on the
Fe and Mo ions become staggered due to the difference
in the g-factors. As shown in Fig. 3, this would allow us
to control the mass of Dirac dispersions and also to dope
the flat band just above the Fermi energy.
The flat bands, which are already fully spin-polarized,
are different from the unpolarized ones, such as the
ones in the (110) thin films of STO [36] or in (metal)-
organic systems [37, 38], supporting the flat-band fer-
romagnetism [39–41]. Therefore, in electron-doped
Sr2−xLaxFeMoO6 or SFMO under a strong magnetic
field, where extra electrons occupy the nondispersive Mo
band, we anticipate other types of instabilities, such as
Wigner crystallization [42] or various types of complex
charge ordered patterns, as well as the formation of self-
trapped polaronic states of minority spins at the Mo sites.
As confirmed in the following part, the FiM state is sta-
ble in a wide carrier doping range of the electron doping,
and, consequently, the minority-spin flat Mo band can
indeed be electron-doped.
Spin-wave spectrum.— We now analyze the stability of
the FiM order state postulated above. To this end, we
derive a spin-wave excitation spectrum from the magnon
Green function Gq,ω = 1/[ω − Σq,ω] evaluated within
with SOC
D
n n
without SOC
(a) (b)
FIG. 4. (a) Spin stiffness D of the FiM ordered state versus
carrier density n for 0 < n < 1 at various values of the gap
∆. For 1 < n < 2 (not shown), the spin stiffness remains
nearly constant. (b) For comparison, same as (a) but without
SOC [20].
the leading order of the large-S expansion. First, we
note that in the classical S → ∞ limit, the magnons
are localized, and they become dispersive only due to
quantum corrections. The corresponding magnon self-
energy corrections (Σq,ω ∼ 1/S), shown in Fig. 1(c), stem
from magnon interactions with propagating transverse
and longitudinal particle-hole excitations. Their expres-
sions are quite lengthy and are given in Ref. [34]. We
find that a coherent spin-wave mode emerges below the
Stoner continuum with the following dispersion relation
in the low-energy limit.
ωq = 4J1S[1 + Γ1q] + 8J2S[1− Γ2q], (5)
where Γ1q = cos qx cos qy, Γ2q = (cos
2 qx + cos
2 qy)/2,
J1 and J2 are the carrier induced exchange couplings
between the NN and NNN local moments, respectively.
They depend only on the carrier density and the charge
transfer gap ∆ [34].
The spectrum (5) is gapless at q = (π, 0) and at the
symmetry-related points, which is very surprising be-
cause (i) the model defined by Eqs. (2) and (3) does
not host any apparent continuous spin-rotation symme-
try, and (ii) the gapless points are away from the FM
Bragg point q = (0, 0). Actually, the model has a hid-
den SU(2) symmetry that can be uncovered by a gauge
transformation [34].
For the spectrum (5), the spin stiffness of the FiM or-
dered state is given by D = 2J1S + 4J2S. Shown in
Fig. 4(a) is the dependence of D on the carrier density n
for 0 < n < 1 at various values of the band gap ∆. In the
range 1 < n < 2, D remains constant for ∆ = 0. This
is because the added electron carriers occupy the unpo-
larized flat band, and no additional potential or kinetic
energy is gained. For ∆ 6= 0, D becomes very weakly
renormalized (∼ few percent [34]) as carriers occupy the
minority spin flat band. For comparison, in Fig. 4(b) we
plot the spin stiffness obtained at a zero SOC [20]. D
vanishes at some critical doping, signaling the instability
of the FiM order. Without SOC the FiM ground state
cannot be stabilized at n = 1 or n slightly larger than 1.
Thus, a strong SOC extends the stability window of
5the FiM order to the experimentally accessible electron
doping range. The reason behind the extended stabil-
ity is the SOC-induced electronic band structure recon-
struction which transforms a large Fermi surface cen-
tered around the q = (0, 0) to four small Fermi pock-
ets around (±pi2 ,±pi2 ), as shown in Fig. 4(c), allowing
more kinetic energy gain with an increasing carrier den-
sity. Indeed, as seen experimentally [43], electron-doped
Sr2−xLaxFeMoO6 thin films do exhibit the stable FiM
order in a wide range of doping as correctly shown here
by the model with the SOC.
In conclusion, we have proven the stability of the FiM
ground state of SFMO thin films against doping within a
perturbative analysis. We discovered that the SOC plays
a critical role in the enhancement of the stability and re-
sults in a phase with an unusual band structure includ-
ing Dirac dispersions and flat bands. We anticipate that
this gives rise to interesting collective behaviors, such as
Wigner crystallization [42].
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DIAGONALIZATION OF THE FREE-FERMION PART
The eigenstates of the tight-binding model are obtained by a unitary transformation as
αk↓ = −ivkDxz,k↓ + ukDyz,k↓, βk↓ = u˜kD˜k↓ − v˜keikxck↓, (S1)
γk↓ = v˜kD˜k↓ + u˜ke
ikxck↓, D˜k↓ = iukDxz,k↓ + vkDyz,k↓, (S2)
with the following factors: uk = Tx,k/εk, vk = Ty,k/εk, u˜k =
√
(1 + ∆/Ek)/2, v˜k =
√
(1 −∆/Ek)/2, and Tx(y),k =√
2 cos kx(y), where Ek =
√
ε2k +∆
2 and εk =
√
T 2x,k + T
2
y,k.
MAGNON-FERMION INTERACTION
The interaction between the magnons and the transverse and longitudinal components of particle-hole excitations
is described by the following H1 ∼ 1/
√
S and H2 ∼ 1/S terms, respectively:
H1 = 1√
2SN
∑
k,q
{ei(qx−kx)c†k−q↑[Lk,qαk↓ +Mk,qβk↓ +Nk,qγk↓]b†q + h.c.}, (S3)
H2 = 1
4SN
∑
k,p,q
b†qbq+k−p{Pαβk,pα†k↓βp↓ + Pαβp,kβ†k↓αp↓ + Pαγk,pα†k↓γp↓ + Pαγp,kγ†k↓αp↓
+ P ββk,pβ
†
k↓βp↓ + P
βγ
k,pβ
†
k↓γp↓ + P
βγ
p,kγ
†
k↓βp↓ + P
γγ
k,pγ
†
k↓γp↓}, (S4)
with interaction vertices
Lk,q = −Tx,k−qvk − Ty,k−quk, Mk,q = Tx,k−quku˜k − Ty,k−qvku˜k,
Nk,q = Tx,k−qukv˜k − Ty,k−qvkv˜k, Pαβk,p = Tx,pvkv˜p − Ty,pukv˜p,
Pαγk,p = −Tx,pvku˜p + Ty,puku˜p, P ββk,p = −[(Tx,puk + Ty,pvk)u˜kv˜p + (k ↔ p)],
P βγk,p = (Tx,puk + Ty,pvk)u˜ku˜p − (k ↔ p, u˜↔ v˜), P γγk,p = (Tx,puk + Ty,pvk)v˜ku˜p + (k ↔ p), (S5)
where (k ↔ p) means the corresponding term with k exchanged for p.
SPIN-WAVE SPECTRUM
The spin-wave spectrum is derived from the poles of the magnon Green function Gq,ω = 1/[ω − Σq,ω ], where the
magnon self energy Σq,ω is composed of two parts within the leading order of 1/S expansion. They are diagrammat-
ically depicted in Fig. 1(c) in the main text and can be grouped into the following algebraic form when 0 < n < 2,
Σq,ω =
1
2SN
∑
k
{
|Lk,q|2nc,k−q↑ − nα,k↓
ω − 2∆ + |Mk,q|
2nc,k−q↑ − nβ,k↓
ω − Ek −∆ + |Nk,q|
2nc,k−q↑ − nγ,k↓
ω + Ek −∆
}
+
1
4SN
∑
k
P γγk,knγ,k↓. (S6)
2Here, nm,kσ is the occupation number of the mkσ state (m = α, β, γ, c) depending on the total carrier density and N
is the number of unit cells.
From the poles of G, we got a Stoner continuum and a gapless mode of the spin wave in the order of 1/S. Assuming
|ω| to be small, the obtained low-energy spin wave has a form of a localized spin model with anisotropic nearest-
neighbor (NN) and isotropic next-nearest-neighbor (NNN) exchange couplings, J1 and J2, respectively [see the next
section]. For the carrier density n ≤ 1 only the lowest dispersive mode is occupied and exchange couplings, J1 and
J2, are given by
J1 =
1
8S2N
∑
k
T 2x,kT
2
y,k
nγ,k↓
Ekε2k
, J2 =
1
8S2N
∑
k
cos(2kx)T
2
x,k
nγ,k↓
Ekε2k
. (S7)
For the filling n > 1, we need to treat the case ∆ = 0 and the case ∆ > 0 separately. When ∆ = 0, the band
structure consists of Dirac-like dispersions and two degenerate flat bands α and c, with opposite spin polarization [see
Fig. 2(a) in the main text]. Due to the degeneracy nc,k−q↑ = nα,k↓, the first Lindhard function in Eq. (S6) vanishes,
and we can then take the approximation ω/Ek → 0. We can easily find that the sum of the second and third Lindhard
functions also vanish other than the term including nγ,k↓ in this low-energy limit, so the spectrum of the low-energy
mode (the pole of the Green function) does not change for 1 < n < 2. This is because the flat bands cannot earn any
kinetic or potential energy when ∆ = 0 while ferrimagnetism is stabilized here in order to earn the total energy of
electrons.
Next, we consider the case ∆ > 0 with massive Dirac dispersions. In the limit ω/∆ → 0, the sum of the second
and third Lindhard functions in Eq. (S6) vanishes other than the term including nγ,k↓ again. We find the overall
renormalisation of the low-energy mode for n = 1 + x as ωq(x) = ωq + δωq(x), with
δωq(x) = − 1
2SN
∑
k
|Lk.q|2nc,k−q↑
2∆
= x{4j1S[1 + Γ1q] + 8j2S[1− Γ2q]}. (S8)
j1 = − 1
2S2N
∑
k
cos2 kx cos
2 ky
∆ε2k
≃ −0.045
S2∆
, j2 =
1
4S2N
∑
k
cos 2kx cos
2 ky
∆ε2k
≃ −0.017
S2∆
. (S9)
The corrections appear to be negligibly small, amounting to only a few percent change of exchange couplings for
electron doping in the physically accessible range 1 < n < 2.
HIDDEN SU(2) SYMMETRY
In order to uncover the origin of the gapless mode discussed above, we note that the obtained spin-wave spec-
trum, Eq. (5) in the main text, is exactly the same as that of the following spin-only model on the square lattice of
iron sites for local spin moments:
Hspin = J1
∑
〈ij〉
[Sxi S
x
j + S
y
i S
y
j − Szi Szj ]− J2
∑
〈〈ij〉〉
~Si · ~Sj , (S10)
with anisotropic NN (J1) and isotropic NNN (J2) couplings. It is straightforward to verify that the model (S10) hosts
a hidden spin-rotation symmetry and can be mapped to the isotropic ferromagnetic Heisenberg model by rotating
spins sitting on the odd rows along the x-direction (corresponding to one set of staggered sublattice of the square
lattice of iron sites) around the z-axis by an angle π (Sxi → −Sxi , Syi → −Syi , Szi = Szi ). This site-dependent spin
rotation also shifts q = (π, 0) → (0, 0). This explains the origin and the location of the gapless Nambu-Goldstone
mode accompanied by the spontaneous symmetry breaking of this hidden SU(2) symmetry. Indeed, the same spin
rotation for fermionic operators (dixz(yz)σ → σdixz(yz)σ, ciσ → σciσ) at every second row together with local moments,
maps the hopping Hamiltonian [see Eq. (2) in the main text] to the SU(2)-invariant form and leaves the local one
[Eq. (3)] unchanged. However, we point out that this emergent spin-rotation symmetry is only approximate in reality
and exists only in the extreme λ→∞ limit considered here, and thus the ferrimagnetic order should be pinned along
the z-direction.
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